Abstract-Analytical and numerical approaches are presented for modeling the interaction of azimuthally symmetric fields with omnidirectional metasurfaces, based on the use of locally homogenized equivalent sheet impedances. Radially uniform metasurfaces on layered dielectric media are described in terms of a spectral impedance dyadic, thus allowing for the derivation of the field excited by omnidirectional sources through a simple transmission-line model. In a first approximation, the effect of circular edges in laterally truncated structures is taken into account through an efficient physicaloptics method. Then, truncated and radially non-uniform homogenized layered structures are treated numerically with the method of moments, by suitably extending a recently developed spectral-domain formulation. Numerical results are presented for planar radiating structures based on omnidirectional metasurfaces, comparing the radiation patterns obtained through the proposed homogenized models with those calculated by means of full-wave simulations. The discussion emphasizes the validity of the proposed approaches and their usefulness in the analysis of two-dimensional leaky-wave antennas based on printed omnidirectional metasurfaces.
INTRODUCTION AND BACKGROUND
Azimuthally symmetric planar structures have recently been considered for the realization of, e.g., printed antennas [1] [2] [3] [4] [5] [6] [7] [8] , enhanced electromagnetic-wave transmission through a subwavelength aperture [9, 10] , plasmonic lenses [11] [12] [13] [14] , and optoelectronic applications [15] [16] [17] [18] . In particular, the possibility of producing azimuthally symmetric fields has attracted interest for antenna designs with conical radiation patterns and reconfigurable polarization [19] , which may be employed in Local Area Networks [20] [21] [22] [23] as well as in radio links between satellites and moving vehicles [24] [25] [26] . In this framework, two-dimensional (2-D) leaky-wave antennas (LWAs) provide versatile, low-profile, and lowcost solutions for achieving directive radiation patterns, in the form of conical scanned or broadside pencil beams [27] . Typical examples are Fabry-Pérot cavity antennas in which a simple source excites a parallel-plate waveguide whose upper plate is a partially-reflecting surface (PRS) [28] [29] [30] [31] . The PRS may be a uniform dielectric medium or a periodic screen, e.g., a printed metasurface, which can be represented, in the low-frequency regime, as an equivalent uniform homogenized surface [32] [33] [34] .
When a narrow-beam 2-D LWA is designed, the attenuation constant of the leaky mode responsible of radiation is small, and hence the leaky mode extends to appreciable distances from the source, in terms of free-space wavelengths, before being sufficiently attenuated to achieve typical radiation efficiencies (e.g., 90%) [27] . Calculating the radiation pattern for such large structures requires challenging numerical simulations with commercial electromagnetic (EM) software and is a time consuming process. Hence, there is the need for approximate analytical and ad hoc full-wave numerical methods for the fast analysis and design of such a kind of LWAs.
In this work we study a class of structures constituted by an omnidirectional metasurface embedded in a multilayered environment (in what follows we will use, for the sake of brevity, the term metasurface to indicate any textured surface that can be analytically treated under the homogenization theory [35] [36] [37] [38] ). In particular, we consider thin texture metal screens characterized by the following properties: i ) at any point (ρ, φ) (in cylindrical coordinates) the screen texture can be linearized resulting in a periodic geometry (i.e., the screen is locally periodic) as shown in Fig. 1 ; ii) the locally linearized screen can be described in terms of a suitable surface impedance dyadic Z lin S through the following transition conditions:Ẽ + t k t =Ẽ − t k t =Ẽ t k t (1)
where the subscript 't' stands for 'tangential'; the tilde indicates a spectral-domain quantity; k t = k x x 0 + k y y 0 is the (local) wavevector; the superscripts +/− indicate the upper/lower faces of the textured screen, respectively; iii) the surface impedance dyadic Z lin S is assumed to be independent of the azimuthal coordinate φ: Z lin S = Z lin S (k t ; ρ) (i.e., the metasurface is omnidirectional). A typical case of interest for antenna applications, that will be assumed in the following as a reference structure, is that of a grounded dielectric multilayer covered with an electrically thin metal screen with annular geometry (an annular metasurface), as shown in Fig. 1 . A simple example of printed annular metasurface is a radial array of concentric annular slots or strips. Radial arrays of annularly disposed printed cells, such as rectangular patches or Jerusalem cross structures, belong to this class of metasurfaces as well. Reference structure and relevant coordinate system: a grounded dielectric multilayer covered with an annular metasurface. The latter is represented through a locally homogenized surface impedance dyadic independent of the azimuthal coordinate (omnidirectional homogenized metasurface).
The structure is assumed to be excited by an omnidirectional source, such as a vertical electric dipole (VED), a vertical magnetic dipole (VMD), a horizontal electric ring, etc.. Since the geometry is omnidirectional as well, the excited field will be azimuthally symmetric. The aim of this work is to provide analytical and numerical tools for an accurate and rapid determination of such a field, with particular reference to the radiation pattern in the far-field region.
Radially uniform omnidirectional metasurfaces will be considered first (Sections 2.1 and 2.2), for which the local surface impedance is independent of the radial coordinate Z lin S = Z lin S (k t ). A transmission-line based equivalent model is derived for this case, based on the use of Z lin S , which allows for calculating analytically the far field radiated by a VED or VMD. Edge effects in laterally truncated structures are also taken into account, by adopting a suitable numerically efficient physicaloptics approach (Section 2.3). This may find application to, e.g., the design of Fabry-Pérot cavity antennas with broadside pencil or conical scanned beams.
A numerical approach is then developed (Section 2.4), by suitably extending a recently derived spectral formulation of the method of moments (MoM) tailored to the treatment of azimuthally symmetric problems [39] . By means of this numerical method, truncated structure are accurately studied and the results of the PO approach are validated and further refined. However, the MoM formulation is valid only for LWAs based on omnidirectional metasurface which are not spatially dispersive or where a dominant leaky wave fully characterizes the aperture field. Radially non-uniform metasurfaces can be also considered by the MoM approach, whereas the radial dependence of the local surface impedance prevents from establishing a simple network model. The class of structures that can be studied is thus enlarged, including, e.g., 2-D LWAs with a radially tapered illumination function [40] .
Numerical results are presented and discussed (Section 3) on specific examples of metasurface-based planar radiators, comparing the proposed analytical and numerical formulations with rigorous full-wave simulations, either obtained with in-house MoM codes or with FEKO [41] , a general-purpose commercial electromagnetic (EM) simulator based on the MoM in the space domain and using Rao-Wilton-Glisson basis functions [42] .
ANALYTICAL AND FULL-WAVE NUMERICAL APPROACHES FOR OMNIDIRECTIONAL HOMOGENIZED STRUCTURES
In this section we will develop suitable equivalent-network models for the analysis of omnidirectional metasurfaces with a locally homogenized surface impedance independent of the radial coordinate ρ and function of the spectral wavenumber k t (which accounts for the non-local nature of the surface impedance), i.e., Z lin S = Z lin S (k t ). Truncation effects will be considered approximately with a physicaloptics (PO) approach. Furthermore, a tailored full-wave numerical method will be presented for the rigorous analysis of truncated structures, which can also consider a class of radially non-uniform metasurfaces.
Omnidirectional Homogenized Equivalent-Network Model
As is well known, the enforcing, in the Fourier spectral domain, of an impedance boundary condition as (2), which is valid for thin screen and describes the relation between the tangential component of the average electric fieldẼ t (k t ) and the average surface electric currentJ S (k t ), requires a translationally invariant structure. In this case, in fact, the aforementioned constitutive relation corresponds to a convolutional product in the spatial domain. Unfortunately, the class of structures analyzed in this paper is not translational invariant, thus preventing, strictly speaking, to establish an impedance boundary condition.
The spectral and the spatial representations of omnidirectional fields and currents, which depend only on the distance from the origin, i.e., ρ = x 2 + y 2 , are related to each other by means of a Fourier-Bessel transform of the first order (FB 1 ), that is
where u 0 = k t /|k t | and v 0 = z 0 × u 0 are the unit vectors that define the TM/TE basis, J 1 is the Bessel function of first kind of order 1, and k ρ = |k t |. Being inspired by this simplicity and assuming that what follows holds only for symmetric fields interacting with omnidirectional metasurfaces independent of the radial coordinate ρ, an impedance boundary condition of the kind (2) is imposed directly in the Fourier-Bessel spectral domain, thus having
where
When the metasurface does not introduce any cross-coupling between the two polarizations, i.e., Z
(k ρ ) = 0, the boundary condition (5) simplifies. Considering for example the TM case we haveẼ
or equivalently, introducing the admittance
It is worth noting that a method for the direct calculation of Z S (k ρ ) is needed for Equation (5) to be useful. To this aim, the hypothesis that the omnidirectional field, in terms of an omnidirectional cylindrical wave, locally interacts with the annular metasurface as the corresponding plane wave interacts with the linearized structure is assumed. Let then Z lin S = Z lin S (k x , k y ) be the spectral surface impedance dyadic of the locally linearized structure, referred to local Cartesian axes (x , y ) (see Fig. 1 ). Since an omnidirectional cylindrical wave with radial wavenumber k ρ locally travels along ρ (i.e., x ), its interaction with the metasurface can be described in terms of Z lin S (k x = k ρ , k y = 0) and the components of the dyadic impedance are
In conclusion, whereas (5) has the customary form of an impedance boundary condition valid for thin screens, its use in the present context is unconventional since the metasurface is not translationally invariant. However, (5) is assumed here to be used only for describing the interaction of the metasurface with omnidirectional cylindrical waves, such as those produced by an azimuthally symmetric source. We finally note that the form of (6), whose coefficients in the TM/TE bases are functions of k ρ = |k t | only, exactly reflects the assumed rotational invariance of the homogenized metasurface. Furthermore, the non-local nature of the surface impedance dyadic is fully taken into account by its dependence with k ρ , in contrast to different approaches where the spatial dispersion is considered approximately by evaluating the impedance at a specific average wavenumber [34] . Let us now consider an omnidirectional (i.e., φ-independent) cylindrical wave with radial wavenumber k ρ propagating along the considered structure. A transmission-line model along z can be easily established in any homogeneous region of the dielectric multilayer in which the metasurface is embedded (see Fig. 2 ). As a consequence of (5), and assuming that no TM/TE coupling occurs (i.e., Z TM/TE S = Z TE/TM S = 0), the structure can be modeled through a transverse equivalent network (TEN) in which the metasurface is represented by a simple shunt admittance Y TM S or Y TE S for TM or TE fields, respectively [43] . For the TM polarization we assume transverse fields in a factorized form:
, where e ρ , h φ are modal functions and V TM , I TM are the equivalent modal voltage and current, respectively. For the TE polarization we assume, dually,
, where e φ , h ρ are modal functions and V TE , I TE are the equivalent modal voltage and current, respectively. The TEN can then be used for, e.g., the determination of the modal wavenumber k ρ of surface and leaky modes supported by the structure, or the calculation of the field produced by elementary omnidirectional sources; the latter is illustrated in the next subsection.
Far-field Pattern for Infinite Structures
The far field produced by a VED (or a VMD) placed on the z axis at z = z 0 in the presence of a laterally infinite structure can be calculated using reciprocity theorem, considering an appropriate test source. Typically, an electric or magnetic point dipole is chosen as a test source in the far field [28] , producing a plane wave that interacts with the stratified medium. However, for (5) and (6) to be valid, the test source should give rise to an incident field in the form of an omnidirectional cylindrical wave. Hence, a magnetic (or electric) ring has been chosen as a test source in the far region and the field at the source location has been determined using the relevant TEN (details of the calculation are reported in Appendix A).
Considering for instance a VED source with amplitude P 0 [A · m], this excites a TM field with far-field components E θ , H φ given by
Here ε r is the relative permittivity at the source location whereas C(θ) is a constant that depends on the specific stratified medium (it is the ratio between the current at z = z 0 and the incident current at z = 0 in the relevant TEN). If the structure is constituted by a single grounded dielectric layer with thickness h (see Fig. 2 ), it results in
, and the TEN parameters for the TM polarization are
Considering now a VMD source with amplitude Q 0 [V · m], this excites a TE field with far-field components E φ , H θ ; these can be obtained from (10) by duality:
Here μ r is the relative permittivity at the source location whereas C (θ) is a constant that depends on the specific stratified medium (it is the ratio between the voltage at z = z 0 and the incident voltage at z = 0 in the relevant TEN). If the structure is constituted by a single grounded dielectric layer with thickness h and μ r = 1, it results in
, and the TEN parameters for the TE polarization are
Far-Field Pattern for Truncated Structures
The far field produced by a VED (or a VMD) placed on the z axis at z = z 0 in the presence of a truncated structure can be calculated approximately by resorting to the PO approach developed in [44] . The approximation made in [44] is that the circular aperture is terminated at some arbitrary radius by a perfect absorber, hence reflected waves and fringe deformations of the currents at the circular truncations are neglected. According to [44] , the far-field pattern is expressed by a single spectral integral in k ρ involving the product of the spectral aperture field at z = 0 and a suitable weighting function. In particular, for the the TM case the pattern is
whereas in the TE case
Here the functions
are the TEN voltages at z = 0 due to a unit-amplitude voltage or current generator, respectively, placed at the source location. The weighting function P 0 (k ρ , θ), presented in [44] for a circular aperture, is reported here, for the sake of completeness, in the more general case of an annular aperture with inner radius a and outer radius b; this allows for modeling truncated metasurfaces with a central circular metal region of radius a. For both TM and TE polarizations, P 0 (k ρ , θ) is given by
Method-of-Moments Approach for Truncated Structures
Azimuthally symmetric truncated structures have been further analyzed by extending a previously developed ad-hoc MoM code for the treatment of annular slots in a perfectly conducting plane [39] . The reference structure considered in [39] is a parallel-plate-waveguide (PPW) with thickness h and perfectly conducting (PEC) plates, possibly filled with a stratified dielectric medium, in which a series of N concentric annular slots is etched in the upper plate (the top view of this kind of structure is shown in Fig. 3 ). The continuity of the tangential magnetic fields across the slots is here replaced by an impedance boundary condition (IBC). Such boundary condition is enforced in the space domain, under the simplifying assumption that the surface impedance can be considered independent of the radial wavenumber (i.e., it is not spatially dispersive). This is indeed the case for specific classes of metasurfaces, such as those based on concentric annular narrow slots or strips. In other cases, spatial dispersion can be treated approximately by evaluating the surface impedance for a fixed value of the wavenumber, corresponding to that of a suitable average field. This is a reliable approximation when the field excited by the source is dominated by a given leaky-wave or surface-wave field, as occurs in cylindrical LWAs [28] or holographic [45] antennas, respectively. Finally, the present MoM formulation can be used for the analysis of radially non-uniform metasurfaces, whose locally homogenized surface impedance is a step-wise function of the radial coordinate ρ (e.g., the surface impedance can vary between adjacent slots). This feature can be useful for the analysis of radially tapered 2-D LWAs [40] .
Assuming for simplicity that no TM/TE coupling occurs, the TM and TE polarizations can be treated separately. In the TM case, the relevant integral equation can be written as
is the TM surface admittance and g TM (ρ, ρ ) is the kernel valid for slots (i.e., for the case Y TM S = 0; its expression is derived in [39] ). The MoM matrix elements Y TM ij , resulting from a Galerkin discretization of (19) with subsectional basis functions Λ TM j (ρ), can then be written as
Here Y TM,0 ij are the corresponding elements valid for the case of slots; these can be evaluated very efficiently in the spectral (Fourier-Bessel) domain by employing suitable basis functions (see [39] ). The additional term, which accounts for the nonzero surface admittance of the metasurface, is different from zero only for pairs of basis functions with overlapping support and can easily be evaluated numerically or even analytically.
Similarly, in the TE case, the relevant integral equation can be written as
where Y TEM S = 1/Z TE S is the TE surface admittance and g TE (ρ, ρ ) is the kernel valid for slots (see [39] ). The resulting MoM matrix elements are then
and considerations similar to the TM case can be done about the evaluation of the term that takes into account a finite surface admittance.
NUMERICAL RESULTS
The analytical and numerical approaches described in the previous sections have been tested for the reference structure in Fig. 2 . The far field excited by both a VED (TM waves) and a VMD (TE waves) has been calculated for various geometries of the metasurface covering the grounded slab, based on concentric annular slots or rings (see Fig. 3 ) and concentric annular array of patches (see Fig. 4 ). The linearized structure corresponding to the geometry in Fig. 3 are linear arrays of metal strips placed at the interface between two possibly different dielectric media. Analytical formulas are available (a) (b) (c) for the homogenized surface impedance of such linear arrays [35] . Assuming slots of width s and period d etched in a perfectly conducting metal plate and embedded in a uniform medium with wavenumber k = 2π/λ and characteristic impedance η, for TM fields propagating orthogonally to the strips it results in
Dually, for TE fields propagating orthogonally along linear arrays of perfectly conducting strips of width s and period d it results in
Both formulas are accurate for thin slots and strips, respectively, i.e., s d, and dense grids, i.e., d λ; within these limits, the structure is not spatially dispersive. When the media on the two sides of the array are different, the parameters k and η to be used in (23) , (24) are those of an effective medium with relative permittivity equal to the average of those of the two media.
In the first set of results the PO approach for the evaluation of the far-field pattern of truncated structures (TEN-PO approach in Section 2.3) has been validated against the far-field of the infinite structure (TEN approach in Section 2.2) by increasing the effective aperture of the truncated structure. In Fig. 5 (a) a grounded slab with ε r = 1 and thickness h = 14.37 mm, covered with a metasurface as in Fig. 3(a) , has been excited by a VED at the frequency f = 16 GHz. The radius r 0 of the internal circular metallic patch and the radial period are both equal to 3 mm; the width of the slots is 0.1 mm. The solid black line represents the solution obtained using the TEN model for the calculation of the far-field pattern. The other solutions are those obtained by considering the truncation effects with the PO approach. In particular, the cases shown are those for an effective aperture that is 30, 100, and 500 periods wide. It is clearly visible that, as the effective aperture of the truncated structure becomes larger, the TEN-PO solution converges, as expected, to that based on the TEN that models the infinite metasurface.
The same considerations can be done for the results presented in Fig. 5(b) . In this case the structure is excited by a VMD and the geometry of the screen is shown in Fig. 3(b) . The structure can be seen as the complementary case respect to the previous one (i.e., now the width of the strips is 0.1 mm). However, we note that the two cases shown in Fig. 5 present different convergence behaviors, since in Fig. 5(a) a good agreement between TEN and TEN-PO approaches is obtained for an effective aperture of 100 periods, whereas 500 periods are needed in Fig. 5(b) . This is a consequence of the different decays of the fields excited in the two structures. In fact, in the structure with parameters as in Fig. 5(b) a TE leaky mode with a low attenuation constant is excited, which requires, for the PO approximation to be valid, a higher effective aperture with respect to that needed by the highly attenuated TM field in Fig. 5(a) . In the following, the far field of finite structures is evaluated with three different numerical and analytical methods: a full-wave EM commercial software (FEKO) [41] , the specific MoM formulation presented in Section 2.4 and the TEN-PO approach. As concerns FEKO, the specific numerical tool based on the MoM in the space domain has been used, where apertures on the upper PEC plate of a PPW have been discretized with Rao-Wilton-Glisson basis functions. With this choice, the same background PPW structure has been adopted both in FEKO and in the ad-hoc MoM formulation in Section 2.4. In Fig. 6(a) amplitude of the reflected wave at the edges of the effective aperture is sufficiently small with respect to the amplitude of the direct wave. In Fig. 7 (a) and in Fig. 7 (b) (TE and TM, respectively), two cases are shown in which the PO approach does not give accurate results. In particular, in both cases we changed slightly the reference structures for Figs. 6(b) and 6(a), respectively. In Fig. 7 (a) the same structure of Fig. 6(b) is considered, but with the thickness of the substrate modified from h = 14.37 mm to h = 28.37 mm. In this case radiation is mainly due to a TE cylindrical leaky wave propagating radially; by increasing the substrate thickness it can be shown that the attenuation constant of the leaky wave is reduced, so that the amplitudes of the incident wave and that of the associated reflected wave at the outer edge are not negligible, resulting in a reduced accuracy of the PO approximation (notably, in the main-beam region). The MoM results are instead in excellent agreement with those obtained with FEKO, since in both cases a PPW background structure is considered that accounts for the same truncation effects.
A different case is illustrated in Fig. 7(b) , where we changed the reference structure of Fig. 6 (a) by grouping the 30 slots into 3 clusters (N macro = 3) of 10 slots each (N micro = 10), separated by a distance d b = 2d. The geometry of the screen appears as in Fig. 3(c) and represents a very simple case of radially non-uniform metasurface. In this case, while the MoM formulation still gives results in good agreement with the full-wave approach, the PO is much less accurate, since the field on the macro-rings is considerably different from the unperturbed field on an infinite screen due to multiple diffraction at internal edges.
When radially non-uniform metasurfaces are analyzed, e.g., in the case of 2-D LWAs with a radially tapered illumination, the accuracy of the MoM approach proposed here is expected to decrease, since the underlying assumption of local periodicity becomes less valid. A specific investigation has then been carried out on the limits of validity of the homogenized MoM approach as a function of the number of spatial periods N , considering structures with different radial periods at a fixed frequency (hence, with different d/λ ratios).
In Fig. 8 a representative set of results of this kind is shown for a structure as in Fig. 2(a) , with an omnidirectional metasurface as in Fig. 3(a) , excited by a VED source (TM field). It can be noted that, when d/λ is sufficiently small (of the order of 0.16 or smaller) the homogenized MoM approach produces results in excellent agreement with full-wave (FEKO) results also for very small numbers of slots (down to N = 2). On the other hand, by increasing d/λ the accuracy of results obtained with small N decreases; in other words, when the spatial period becomes a significant fraction of the wavelength (i.e., the homogenization limits are being approached) a larger number of spatial periods is required to obtain accurate results. This can be related to the edge effects in finite periodic structures. As is known, the homogenized model assumes that: the periodic structure is infinite, a single unit cell is needed to represent the electromagnetic field, and the field is accurately described by the fundamental spatial harmonic (i.e., the higher-order spatial harmonics are negligible) [35, 46] . When finite periodic structures are considered, cells at the edges can behave differently from those in the middle of the periodic structures (which should better approximate the unit-cell behavior). The nature of this difference can be strictly related to the contribution of the higher-order spatial harmonics in the representation of the unit-cell field in the infinite periodic structure (i.e., if higher-order spatial harmonics are not negligible, edge effects are more pronounced). Hence, if the homogenization limits are widely satisfied, higher-order spatial harmonics do not contribute significantly to the representation of the unit-cell field, hence the behavior of the cells at the edges of a truncated structure is similar to that of the relevant unit cell. This justifies the accuracy of the homogenized model observed in Fig. 8 for low values of d/λ and small N . These considerations provide useful guidelines not only for determining the minimum radial size of uniform homogenized rings but also to assess the minimum length scale for the spatial variation of the homogenized impedance in radially non-uniform structures; in particular, it is expected that a fast radial variation of the homogenized impedance may be accommodated only by operating well within the homogenization limits.
In Fig. 4 (a) the linearized structure corresponding to the geometry in Fig. 4(b) , i.e., the radial array of annularly disposed square patches, is shown. The radial period of the annular structure is equal to d and the width of the annular slots is s. The number of square patches, with edge length d − s as in Fig. 4(a) , is chosen for each ring in order to obtain the azimuthal period which is closest to d. With this choice the omnidirectional annular structure in Fig. 4(b) can be homogenized as the corresponding linearized version, i.e., the 2-D periodic array of square patches in Fig. 4(a) . Analytical formulas are available for the homogenized surface impedance of such array [35] . Assuming perfectly conducting patches of edge width d − s and period d, embedded in a uniform medium with wavenumber k = 2π/λ and characteristic impedance η, for TE fields propagating along the symmetry planes it results in
As for the linear array of slots (strips), (25) is accurate for thin slots, i.e., s d, and dense grids, i.e., d λ; furthermore, when the media on the two sides of the array are different, the parameters k and η to be used in (25) are those of an effective medium with relative permittivity equal to the average of those of the two media. We note that the structure described from (25) is spatially dispersive. We remind that spatial dispersion is intrinsically taken into account by the TEN and TEN-PO approaches in Sections 2.2 and 2.3, respectively, whereas can be approximately considered by the MoM method in Section 2.4, assuming that the field excited by the elementary source is dominated by a given surface or leaky wave. In the latter case, the radial propagation wavenumber k SW/LW ρ of the relevant surface or leaky wave is used in (25) . In Fig. 9 , radiation patterns are presented for a LWA based on a concentric annular array of patches as in Fig. 4(b) . The VMD source is placed in the middle of the open waveguide and the antenna is designed to excite the fundamental TE 1 leaky mode, i.e., the perturbed TE 1 mode of the equivalent parallel-plate waveguide. The normalized radial propagation wavenumber of the considered leaky mode at 18 GHz is
.024, where k 0 is the free-space wavenumber. A normalized phase constant β LW ρ /k 0 = 0.784 corresponds to a main-beam pointing angle of 51 • (i.e., θ LW ∼ = sin(β LW ρ /k 0 ) ∼ = 51 • ) from broadside, whereas a normalized attenuation constant α LW ρ /k 0 = 0.024 requires an effective aperture of at least N = 60d, with radial periods d = 2.3 mm, in order the 90% of the power associated to the excited leaky wave to be radiated [27] .
In Fig. 9 (a) the far field of a finite structures (with N = 30 periods) is shown. The result of the MoM, which is approximate for a spatially dispersive structure, is fully validated against that obtained with FEKO; a very good agreement between the two different numerical methods is observed. Results provided by the PO are not shown in Fig. 9(a) , since a higher number of radial periods (more than N = 60) is needed in order the PO approximation to be valid. The simulation with FEKO took 45 GB of RAM and 15 hours of parallel processing on 10-cores Intel(R) Core(TM)-i7 CPU; unfortunately, it was not possible to further increase the number of radial periods to be simulated. On the other hand, the simulation with the MoM numerical method took less than 15 minutes with a negligible usage of RAM. In Fig. 9 (b) the far field of a finite structures with N = 75 periods (more than the 90% of the power associated to the excited leaky wave is radiated) is shown. The result of the TEN-PO is in excellent agreement with that obtained with the MoM. The pointing angle of the LWA is close to 51 • , as predicted by the theory, and the sidelobe level is sufficiently low. We finally note that in order to obtain the results in Fig. 9(b) the MoM took about 30 MB of RAM and 1 hour of parallel processing, while the TEN-PO method 15 seconds and an insignificant RAM consumption.
CONCLUSION
In this paper different homogenization-based approaches have been presented for the analysis of planar omnidirectional structures. An unconventional use of the ordinary impedance boundary condition, in the form of a simple dot product relation between the average tangential electric field and the average tangential electric current, has been adopted to establish a transverse equivalent network for planar structures including thin omnidirectional metasurfaces of infinite extent and thereby obtaining the field radiated by vertical dipole sources in closed form. This approach has been improved, at a minimum computational cost, by implementing a physical-optics technique to model truncation effects from circular boundaries and thus evaluate the field radiated by laterally finite structures.
The exact determination of the truncation effects and the generalization to omnidirectional metasurfaces with radially varying surface impedance generally requires, on the other hand, a numerical approach. This has been based here on a suitable extension of a recently proposed efficient method of moments in the spectral Fourier-Bessel domain, in which the metasurface impedance is allowed to have an arbitrary radial variation, but is assumed to be constant with respect to the radial wavenumber (i.e., spatial dispersion of the surface impedance is neglected or considered under suitable approximations). All the approaches gave consistent results and are in good agreement with those provided through fullwave simulations. Future work will address the problem of rigorously taking into account the spatially dispersive nature of the impedance boundary condition used in the moment-method analysis and the design of practical feeds acting as efficient leaky-wave launchers.
APPENDIX A. FAR-FIELD CALCULATION VIA RECIPROCITY
In this Appendix the azimuthally symmetric far field radiated by a vertical electric dipole (VED) or a vertical magnetic dipole (VMD) placed in a planar stratified environment within the half space z < 0 is calculated applying the Reciprocity Theorem. The stratified medium is assumed to include an omnidirectional metasurface modeled through the unconventional spectral impedance dyadic (6) . For simplicity, it will be assumed that Z TM/TE = Z TE/TM = 0, i.e., no TM/TE coupling, so that the two polarizations can be treated separately. Since they are dual, only the TM case, corresponding to excitation with a VED, will be considered explicitly.
Let so that, taking into account that in the far region E θ = η 0 H φ , (10) is proved. It is interesting to note that the same result would be obtained using the standard reciprocity-based approach that uses a point dipole in the far region as a test source. This can be justified taking into account again that the plane-wave spectrum of the asymptotic field (A5) produced by the magnetic ring source is azimuthally symmetric and comprised of plane waves having the same wavenumber k z , each corresponding to the far field radiated by the elementary dipoles in which the ring source can be decomposed; furthermore, all of these plane waves have the same interaction with the stratified medium, in view of the assumed form (6) for the homogenized impedance of the metasurface. Therefore, all the elementary dipoles in which the ring source can be decomposed give the same contribution to the field E B z .
